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Abstract

We derive the values of the ratio between the e-area and the h-area and the average
number of excess citations to papers in the h-core in a shifted Zipf model and in a
decreasing exponential citation model.

Introduction

Consider a non-empty set of publications, Pub, and let r(p) denote the rank of
publication p in Pub ordered according to the number of citations received during a
given citation period. This number of citations is denoted as C(p). The symbol c(r)
denotes the number of citations received by the publication ranked r. Hirsch (2005)
originally defined the h-index as the highest rank such that the first h publications
received each at least h citations. When all publications in Pub are uncited then h = 0.
When discussing the h-index in a continuous context, it is characterized as the (real)

number such that c(h) = h.

Set Pub can be subdivided into three sub sets: the first h publications, referred to as
the h-core (Rousseau, 2006), the uncited publications and the other publications. The
uncited publications and the other publications together form the h-tail. It is possible
that the h-tail is empty and if h = 0 then the h-core is empty. In this contribution we do
not pay special attention to the uncited publications, except for the fact that we

assume that such articles may exist.



In the context of studies of the h-index the area under the citation curve, see Fig.1,
can be divided into three sections. First, the area under the curve is divided into two
sections: the section related to the citations received by the tail publications called
the tail area and denoted as the t-area, and the section related to the citations
received by the publications in the h-core. This second section can, in turn, be
subdivided into two disjoint sections: a square corresponding to h2 citations (see
Fig.1), referred to as the h-area and the remaining part corresponding to the excess
citations, denoted as the e-area. The core, excess citations, the tail and the e-t ratio
have been studied e.g. in (Chen et al., 2013; Liu et al.,, 2013; Ye and Rousseau,
2010, Zhang, 2010, 2013a, 2013b). In this contribution we focus on the e/h, e?/h? and

the e?/h ratios.

Let Cn denote the number of citations received by the publications in the h-core.
Using the concept of excess citations, e (Zhang, 2009), we have:

C,=e*+h>>0 Q)

In a geometric interpretation (see Fig.1) we see that e*/h? is the ratio between

the e-area and the h-area. Moreover, e?/h is the average number of excess citations

to papers in the h-core. Together with e/h these three ratios can be considered as

structural measures. Since e = 0, we see that
C, >h? (2

and

JC, =R>h ®3)

where R denotes the R-index (Jin et al., 2007).
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Figure 1: areas under the citation curve



Theoretical Modelling

In this section we calculate e/h, e2/hz and e?/h in the case of two basic theoretical
models: a shifted Zipf model (Burrell, 2008; Egghe & Rousseau, 2012a, b; Glanzel,
2008, 2010) and a decreasing exponential model.

A. Shifted Zipf model
Consider first the framework of the shifted Zipf function, i.e. the rank-frequency

function
g:]0.T]>[L+o[: r—>g(r):r%—1

with B, B > 0. In (Egghe & Rousseau, 2012b) we showed that in this situation h is
characterized by the relation (h+1)h® = B. Then, by definition, we have that the

number of citations (items) received by the publications (sources) in the h-core is:

"B B
- _ = — RI-B _
fo (-1)ar= 1= G =
valid for 0 < B < 1 (see e.g. Jin et al., 2007, p.858). This number is actually the
square of the R-index.

The so-called excess citations (e?) are the citations received by the h-core

publications in excess of the minimum number of citations in the h-core, namely h2.
This leads to e? = —— h'™F —h — h? = h? (2= h717F — h~1 = 1)

1-B 1-B
We recall that in (Egghe & Rousseau, 2012a) it is shown that for a shifted system the

average g = ﬁwhere a is the exponent in the equivalent shifted size-frequency

system. As the relation between 3 and a is given by a = %we find that u = ﬁ =

For large h, such as in the case of countries, universities and even famous scientists
62 . . . . .
we may say thatﬁ ~ u. Indeed even if h is only 25, the ratio (h+1)/h =1.04, which is

very close to 1.



inally, & = & h
Final y’f_ﬁ'h_ ﬂ(1+ )
B. Decreasing exponential model
Next we consider the exponential model. In this model we have an exponential size-
frequency function
f:]0,+00[ > R*:x - C.e™™
with a > 0. Then T, the total number of sources (articles) is:
+ oo C
T = f C.e ™dx =—
0 a

and the total number of items (citations) is:

+ oo C
A= f x.C.em™dx =—
0 a
Hence, the average py = 1/a. If 0 < a < 1 then this average is larger than 1, ifa > 1,
this average is smaller than 1.
Next we determine the equivalent rank-size form, g(r):
r=g() =" Ce¥dx =2 e

From this we find that j = g(r) = -(1/a). In(r.a/C)
9:]0.T]>[L+o[:r —>g(r):—§ In(% r)

with a > 0. Now the h-index is characterized by the equation:
1 a
——In (E h)=h
.1 h 1 .
or: == In(%)==In(a) = h

Now the core contains

[-2nr)ar= (b o)

= — % (—ah? —In(a) h + h.In(a) — h)

= h2+ h/a items (citations).

Hence e? = h/a and (e/h)2 = 1/(ah) = p/h and e?/h = p.

Hence, remarkably, in the exponential model the average number of excess citations
to papers in the h-core is equal to the average number of citations per paper in the

whole set of papers.



Conclusion

We have determined the ratios the e/h, e?/h? and the e?/h in the case of a shifted Zipf
and decreasing exponential model. We note that we have tried to apply these results
on a set of country-related data but these data did not yield an acceptable fit (Yuan et
al., 2013). Of course, this just shows that these data could not be described by a
shifted Zipf or a decreasing exponential model. When data are distributed according
to one of these models then our theoretical calculations will prove to be valid.
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